The linearized form of the metric of a Finsler -Randers space is studied in relation to the equations of motion, the deviation of geodesics and the generalized Raychaudhuri equation are given for a weak gravitational field. This equation is also derived in the framework of a tangent bundle.
Introduction
In the framework of general relativity, weak fields and gravitational waves have been studied by many authors decades ago e.g. [1] , [2] , [3] . One of the fundamental problems in general relativity is the study of gravitational waves. The existence of gravitational waves in linear versions of the theory was already known in the early days of general relativity. First Einstein considered in a Minkowski spacetime with a metric n µν a small perturbation µν such that the induced field α µν = n µν + µν with | µν | 1 obeys by perturbation in linearized equations of motion. The linearized theory of gravity is an important theory because it can be utilized as a foundation for "deriving" General Relativity. By using the linearized field theory of gravitation some observable phenomena of our solar system and the universe can be detected [4] , [5] The weak field limit at a Finsler space-time has been studied in [6] , [7] and in the tangent bundle of a Finsler space by [8] , [9] , [10] .
In our study we consider a pseudo-Finsler -Randers space-time of metric function [11] F(x, y) = α ij (x)y i y j + kA i (x)y i (1) in the weak field limit where α ij represents pseudo-Riemannian metric, y i = dx i dλ (in applications y i represent velocity), λ a parameter along the curve and k a constant, A i represents the electromagnetic potential which is connected with the electromagnetic field by F ij = ∂A j ∂x i − ∂A i ∂x j . A Finsler-Randers space (FR) constitutes an important category of Finsler spaces from mathematical and physical perspective e.g. [12] , [13] , [14] , [15] . In a FR space the condition of symmetry for the fundamental function F(x, y) is not satisfied F(x, y) = F(x, −y). Causal considerations in pseudo-Finsler space-time that include only symmetries of fundamental functions [16] are very restricted and exclude by studying pseudo-FR spaces. [12] , [15] , [17] .
FR space can play a significant role in the theory of weak field and gravitational waves since "a gravito -electromagnetic field" is intrinsically included in its metric. Einstein's General Relativity shows indeed that gravito -magnetic field may be associated with mass currents [18] , [19] . As well a gravito -magnetic force was postulated as an explanation for the anomalous precession of Mercury's perihelion [20] . In addition, previous works [21] , [22] , [23] , [24] , [25] showed how the electric and magnetic parts of the curvature tensors were related to the electric and magnetic parts of the gravitational field as well as with gravitatational waves. [26] This paper is organized as follows: we deal with the linearized metric form of a pseudo FR spacetime in relation to the deviation of geodesics and Raychaudhuri equation. In this approach we extend a previous consideration which was given in [6] . By using Cartan and Berwald -like connections we get "gravito -electromagnetic curvatures" for this space. We derive the equations of motion and the Raychaudhuri equation in the framework of a tangent bundle of a n-dimensional manifold M . We also give the linearized connection coefficients as well as establishing the Lorentz equation of the weak field. In addition we attribute some physical interpretations in the geometrical concepts under consideration.
Moreover in the framework of the weak gravitational field of a generalized Finsler spacetime some applications for gravitational waves are given.
Linearized field theory of Randers spacetime
The behavior of particles in a gravitational and electromagnetic field is expected to indicate that the physical geometry in the direction of a geometrical unification is the Finsler geometry.
In a Finsler space the metric function F(x, y) can be considered as a potential function since the metric tensor (gravitational potential)
is produced by this function. The metric of a Randers space is given by virtue of (2) in the form [12] , [27] .
where
. We observe that the presence of an electromagnetic field in a region of spacetime breaks the isotropy and the description of spacetime is given by two metrics, one of which has a pseudo-Riemann structure a ij (x) that corresponds to a motion of a particle with mass m in the gravitational field and the second is metric of a charged particle of mass m that corresponds to a Finsler space of metric g ij (x, v) which represents a dynamical field. Connection coefficients of pseudo FR space are produced by those metrics. In a FR space the second term y i b i can represent a measure of a cosmological anisotropy,a magnetic field or a spin-velocity. This consideration is analogous to Rosen's (1940) in which at each point of space-time a Euclidean and pseudo-Riemannian metric corresponds in each point of space-time.(Bimetric theory)
Finsler spaces are endowed with Cartan, Berwald connections and other different types of connections. Cartan connection has very important properties (metric compatibility) for models are closely related to standard physics [28] , [29] . Berwald connection is not generally compatible with the ,metric structure on total space, since it has "weak" compatibility only on the hspace on the tangent bundle. However for the case of a standard model extension a Berwald structure can be used for Lorentz violation in relation to gravitational waves e.g. [30] The explicit form of Randers connection of Berwald-like coefficients can be given in the form [31] L
where α l ij are the Riemannian Cristoffel symbols and E l ij are given by
We note from (4) and (5) that the electromagnetic field enters in the connection coefficient of this space. The geodesics of the Randers space are produced by the first variation of the action corresponding to the Lagrangian.
Because of (7) we get the well known Lorentz equation
Eq.(8) represents the equation of motion of a charged particle in a gravitational and electromagnetic field, where λ represents an affine parameter.
The equations of motion (8) under the perturbations h ij can be written in the form
are the connection coefficients of the weak metricα ij . The Eq. (9) is useful for studying gravitational waves in a pseudo-FR space.
The curvature tensor of a Randers space can be produced by using Berwaldlike connection coefficients in analogous to the form [31] for a weak field
hjk + E i hjk (10) where
hjk is the Riemannian curvature tensor and E i hjk is given by (13) in (10) we get the Lagrangian of the classical gravitational and electromagnetic fields
The variation of action's integral
leads to the weak field equations
which are Einstein -Maxwell field equations of the "gravito -electromagnetic" of the Randers space for the vacuum under the condition (13) . These equations have the same form as in the Riemannian ansatz in the presence of an electromagnetic field. From a physical point of view the curvature H i
hjk can be considered as a"gravito -electromagnetic curvature " of the space. We can say that it involves a gravito -electromagnetic "current" source. The metric of a weak gravitational field can be decomposed into the flat Minkowski metric plus a small perturbationα
Under a linearized approach of the gravitational field, the Randers metric function can be written in the form of a first approximation of the Riemannian metric α ij
where v i = dx i /dτ is the 4-velocity of the particle, n ij = diag(1, −1, −1, −1) is the Minkowski metric, |h ij | 1 represents small perturbations to the flat spacetime metric and k is a constant. The linearized form of the metric tensor, as introduced by (3), becomes
(a ij + a ji ) . Considering in (20) the case where v s = (1, 0, 0, 0) we get the Finslerian potential g 00 of the Randers space for a test material point in the static case
with φ = A 0 . In the case of φ = 0 we get g 00 = 1 + h 00 . This relation is useful in order to derive the Riemannian or Newtonian limit from the equation of motion in a Randers space. In this case the equation of motion has the forṁ
with
The full interpretation of L l ij is given by (4). The Finslerian potential g 00 takes the value 1 for the values of electromagnetic vector potential
The Cristoffel symbols and the curvature tensor of the linearized Randers space will take the following form. By using (4) and (10) we get
a i jk are the linearized Riemannian Christoffel symbols and the curvature tensor. From (25) and (26) the rest terms will be given in the form
By using Cartan covariant differentiation in a Randers space we can express the third curvature tensor of CartanR i jkl in the form [32] 
where R i jhk is the Riemannian curvature, the symbol | represents the Cartan covariant derivative and D i jk is the difference tensor of the Finslerian gravitational field given by
In a linearised form the Cartan curvature tensor is expressed bỹ .. because of the condition |h ij | 1. The Ricci tensor of the weak "gravito -electromagnetic" field is given bỹ
For a perfect fluid moving in a Randers space with Cartan curvature K i jhk
Einstein's equations can be given in the form of weak field
withK il =R il + E il , whereK il is the Ricci tensor,R il is the Riemannian one, E il is the contraction of E i jkl by (10) and T il the energy -momentum tensor of FR space. Randers type space-time in cosmological considerations for a weak anisotropic field u a with ||u a || 1 has been studied in [13] .
Weak Deviation of geodesics.Raychaudhuri equation
The deviation of geodesics play an important role in General Relativity and Gravitation. In the Finslerian space-time it has been studied from mathematical and physical point of view [33] , [34] , [35] , [36] . In a pseudoRanders space the deviation of geodesics can be expressed by using "gravitoelectromagnetic" curvature (10)
k the tangent vectors of a geodesic surface included in the Randers spacetime. We note from (35) that the deviation equation has two terms. The first term corresponds to the gravitational deviation, that will be observed if there is no electromagnetic field and it is associated with the R i hjk part of the curvature tensor. The other term corresponds to a mixed geometrical and electromagnetic deviation and is associated with the E i hjk part of the curvature tensor. The second term of deviation is connected to the force that two freely falling charged particles would exert to each other. Studying this case in a Riemannian spacetime has the consequence that the force does not necessarily result as a natural geometric effect as it does in a Finsler spacetime. If the E i hjk vanishes then the deviation equation is reduced to the well known one of the Riemannian spacetime, namely
Physically this means that we have two freely falling particles in the tidal field R i hjk of spacetime. In the case where R i hjk vanishes, we infer that the first term of the Randers metric corresponds to a Minkowski metric and the Finsler -Randers space becomes v -locally Minkowski [37] .
The only force that influences the two charged particles is due to the presence of the charged electromagnetic field. The deviation equation takes the form
where E i jkl is given by (11) . In this case the geometrical properties of the field are characterized by a homogeneous and anisotropic space. The metric fundamental tensor depends only on the velocities, which produce the anisotropic properties of the curved Finsler spacetime. Consequently there exists a frame of reference, whereR i hjk vanishes. Under these circumstances the geodesic coordinates can be introduced for particles moving along these geodesics.
In a cosmological consideration the formula(37) can be given by F(x, V ) = n µν V µ V ν + kW i (x)V i where V =Hd represents cosmological velocity depending on the cosmological Hubble parameterH which is defined in the anisotropic Randers space-time withH = √ H 2 + Hz t cf. [13] , W i represents an anisotropic field, Z t the variation of anisotropy and d the distance. Such a consideration can be provided by a Finslerian osculating geometrical framework.If this field W i comes from by a curl the geodesics of this model are Riemannian. Gravitational waves in locally anisotropic spaces generate polarization patterns of the cosmic microwave background.
It is well known that the gravitational waves are connected to the deviation of geodesics. In order to study the weak field limit of a Randers space related to the deviation of the charged particles it is necessary to take into account relations (26) and (35) . This is reasonable since in order to detect a gravitational wave at least two particles are needed. Thus the deviation of geodesics of the weak Randers space is written in the form
If we consider our test particles to be moving slowly then we can express the 4-velocities as a unit vector in the time direction. Hence we write
In order to compute the Riemannian tensor in a first approximation we get from (40)
In our case i0 = 0 and the Riemannian tensor takes the form
The second term of (40) h i ljm because of (41) and (29) becomes
Furthermore (40) will take the form because of (43) and (44)
The equation (45) coincides with the corresponding equation for a weak field limit of the Riemannian case, which is given in its full form by
In general Φ µ represents a non-gravitational force, for instance a spring. The difference between (46) and (35) is that in (46) the electromagnetic field has been added ad hoc. This means that the term Φ µ plays the role of the interaction external force between two nearby charged masses, moving in non-geodesical paths. In the equation (35) of the Randers space the electromagnetic field is incorporated in the geometry. In this approach the two charged masses move in geodesics of the Finsler space and their relative acceleration is determined by the curvature of the gravitational and electromagnetic fields, which is produced by the energy momentum tensor. Randers-type spaces best express a profound relation between physics and geometry.
An extension of the geodesic deviation equations constitutes the Raychadhuri equation. Raychadhuri equation is of important significance in Relativity theory and Cosmology because of its connection with singularities e.g. [38] , [39] , [40] . In Finsler-Randers space-time this equation has been studied in a previous paper [43] . Its form in the weak Finslerian limit is given by
where K il represents the weak Cartan tensor,θ,ω ik ,σ ik are the expansion,vorticity and the shear are defined by the following forms:
where Λ (ik) = V i;k is the covariant derivative of the oscullating Riemannian space V i a unit vector V i V i = 1 In the case of geodesics the last termV 
In the case thatθ = 0,σ ij = 0,ω ij = constant, from (48) the tidal field K il V i V l is due to the vorticityω which plays the role of vacuum energy (cosmological constant). It is analogous to a centrifugal field of the Newtonian theory. It counterbalances the tidal field.
Remark The fundamental sense of photon surfaces and their geometry has been defined and developed in [41] , [42] for a timelike surface in a spherical symmetric space with determined properties.
In a pseudo-Finsler space-time M with spherically symmetric metric [35] in whichσ ij = 0 andω ij = 0, we can analogously consider a Finslerian photon surface S, where S represents a timelike surface of M . Here the Raychaudhuri equation takes the form
where θ (2) denotes the expansion of a vector field X in the surface S, τ the affine parameter and K
il the Ricci tensor of Cartan curvature. On a physical viewpoint the anisotropic Cartan tensor is introduced in the geometry of spacetime because of a primordial vector field in the FinslerRanders spacetime. Such a case has been studied in [13] where the linearized Raychaudhuri equation stands
whereq, µ, p, α, z t represent the deceleration parameter, the density of matter, the pressure, the scale factor and the variation of anisotropy, which is connected to Cartan connection component z t = C 000,0 . The Raychaudhuri equations can also be derived in the framework of a tangent bundle TM of a n-dimensional manifold by using of d-connection and the Ricci-identities. In this case we consider the d-curvature R i jkl and the Ricci identities for a tangent horizontal vector field X = X H = X i δ/δx i along a congruence of geodesics on TM [37] . So we have the relation
or
Because of geodesics the relation (X l X i |l ) |k = 0 is valid so we have
Taking the trace of the previous equation we have
We decompose the h-covariant derivative with kinematical terms
whereΘ,σ,ω represent the expansion, shear and vorticity for the extended congruence of geodesics on TM, which are defined as
the projection operator, h il gives ush il X i = 0 for a normalized X i . In the above mentioned relations, (57), (58), we used
We finally get from (56)
where we put 
where the vector field X = X 
where the expansion Θ is given by
If we focus on the plane z = 0, because of the weak field (71) we can write
where n i is a unit vector on the tangent plane R 2 , which is identical to the euclidean plane R 2 . Equation (75) shows how gravitational waves can be detected by observing the relative motion of two test masses. This is one way of defining the local curvature of spacetime in general. Before the wave passes the spacetime is flat. After the wave passes the motion of a test mass is given by dk
whereC i αβ are the linearized Cartan connection coefficients, which denote a propagation of gravitational waves in an anisotropic spacetime. 3 )] y 3 , and y 3 = (0, 0, 1, 0) propagates in the y 3 direction. Some test masses in the x − y plane are as rest in a circle about a central test mass. After the gravitational wave passes in time t the circle is squeezed in the Y-direction and expanded in the X-direction, therefore the circle is transformed to an elliptic shape.
We define the indicartix curve I p to be a circle with center 0 and radius 1 + f (x, y) OP where P (x, y) is an arbitary point and f (x, y) is a positive valued function. We can apply the Randers metric in order to calculate the distances between the masses [15] . Therefore we have L(x, y) = λ + f (x, y)ρ 2 + λ 2 f (x, y)
Conclusions
We studied the behaviour of particles moving in a gravitational and electromagnetic field with the physical geometry of a Finsler-Randers (FR) space. Cartan and Berwald connections are applied for studying a linearized version of a weak field limit in F-R spaces.
In virtue of curvature tensors of the space of considerations some physical characterizations and interpretations in the sense of a gravito-electromagnetic curvature are given. Such a concept could play a role in the bending of light geodesics and gravitational lensing in a region of locally anisotropic spacetime.
In paragraph 3 the Raychaudhuri equations are extended and they were derived in the framework of a tangent bundle. This consideration can give an additional interest to a string theory.
Finally, some applications of Randers metric for gravitational waves are presented.
